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Abstract
We present a theoretical study of magnetic excitations in ferromagnetic film embedded in the
left-handed materials (LHMs) and in superlattices composed of alternating layers of
ferromagnetic materials and the LHMs. The dispersion relations of the surface polaritons in
these systems are solved exactly. Some unusual retarded modes are found in these systems in
comparison with the conventional ferromagnetic–dielectric multilayer structures. Magnetic
excitations in the long-wavelength limit have also been discussed, and unusual magnetostatic
modes have also been obtained.

1. Introduction

During the past decades ultrathin films and multilayers of
ferromagnetic materials have been the subject of intensive
studies [1, 2]. Some physical properties in these structures such
as giant magnetoresistance and collective magnetic excitations
have proved most interesting and unique, which cannot be
found in bulk magnetic matter. Surface magnon modes for the
case of a ferromagnetic slab under the nonmagnetic dielectric
background were first investigated by Damon and Eshbach
in the magnetostatic approximation [3]. The corresponding
surface and bulk propagation wave dispersions for alternating
magnetic–nonmagnetic multilayer structures were calculated
by Camley et al [4, 5]. Without the use of the magnetostatic
approximation, the retarded modes in the ferromagnetic slab
and ferromagnetic–nonmagnetic superlattices had also been
discussed by Karsono et al [6] and Barnas [7], respectively.
Subsequently, further discussions on such a subject in
semi-infinite magnetic–nonmagnetic superlattices and other
structures had been done by many authors [8–15]. Since the
understanding of the excitation spectrum of surface and bulk
waves within these structures is essential in predicting the
performances of devices incorporating layer structures, these
investigations are important and necessary.

However, the above investigations all focus on ferromag-
netic and dielectric systems. Recently, left-handed materials
(LHMs) have attracted a great deal of attention from both theo-
retical and experimental sides [16–19]. These materials, which
are characterized by simultaneous negative permittivity and

permeability, possess a number of unusual electromagnetic ef-
fects [16–19]. One of them is that negative refraction can oc-
cur at the interface between the LHMs and a positive (conven-
tional) medium [20, 21]. The other is that some new surface
polarized modes around a left-handed slab can appear [22].
In addition, a one-dimensional stack of layers with alternating
positive and negative refraction materials with zero averaged
refractive index displays an unusual transmission bandgap [23]
and some unique properties of the beam transmission [24].

It is natural to ask what kind of phenomenon will occur
when we combine the ferromagnetic slab with the LHMs?
Can the new excitation modes appear for layered magnetic
structures containing LHMs in comparison with conventional
magnetic–nonmagnetic multilayer dielectric structures? If
some new excitation modes can be found, it is of particular
interest for microwave and optical signal processing such
as optical communications and waveguides for magnetostatic
modes. Considering these problems, in this paper we
calculate the retarded wave spectrum of magnetic layered
systems composed of alternating ferromagnetic and left-
handed material (LHM) layers based on the technique
developed in [25, 6, 7]. The excitation modes in the
magnetostatic limit will also be discussed.

2. Magnetic excitations of ferromagnetic films
immersed in the LHM

We first consider a single ferromagnetic slab with thickness
d immersed in the LHM background. The y axis of a
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Cartesian coordinate system is taken normal to the film, whose
boundaries are taken as y = −d/2 and d/2. The magnetization
MS in the ferromagnetic slab is parallel to the film surfaces and
parallel to the z direction. The film is supposed to have infinite
extent in the z and x directions. The magnetic field �H in the
ferromagnetic slab satisfies the following Maxwell equation:

∇2 �H − ∇(∇ · �H) − ε
↔
μ

c2

∂2 �H
∂ t2

= 0, (1)

where c is the light velocity in the vacuum and magnetic
permeability tensor is written as

↔
μ =

(
μxx μxy 0

−μxy μxx 0
0 0 μzz

)
, (2)

where

μxx (ω) = μ

(
1 + ωmω0

ω2
0 − ω2

)
, (3)

μxy(ω) = iμ

(
ωmω

ω2
0 − ω2

)
, (4)

with ω0 = γ H0, ωm = 4πγ M0 and M0 = Ms
μ

. Here
M0 is the static magnetization, H0 is the static field, γ is the
gyromagnetic ratio and μ is the high frequency permeability.

In the LHMs, the Maxwell equation is written as

∇2 �H − ε(ω)μ(ω)

c2

∂2 �H
∂ t2

= 0, (5)

where

ε(ω) = 1.0 − ω2
p

ω2
, μ(ω) = 1.0 − Fω2

ω2 − ω2
l0

. (6)

Here ωp is the plasma frequency and ωl0 is the magnetic
resonance frequency. The solutions for three regions in the
Voigt geometry can be expressed as

�HT = �Tx,y exp(−αy) exp i(kx − ωt) y >
d

2
(7)

�HT = [ �Fx,y exp(βy) + �Gx,y exp(−βy)] exp(i(kx − ωt))

−d

2
< y <

d

2
(8)

�HT = �Rx,y exp(αy) exp i(kx − ωt) y < −d

2
, (9)

where

α2 = k2 − ω2

c2
ε(ω)μ(ω) (10)

and

β2 = k2 − μv

ω2

c2
(11)

with μv = μxx + μ2
x y

μxx
.

According to the condition ∇ · (H + M) = 0, the
coefficients �Tx,y , �Fx,y , �Gx,y and �Rx,y satisfy the following
relations:

Tx

Ty
= α

ik

Rx

Ry
= − α

ik
(12)

Fx

Fy
= − ikμxy + βμxx

ikμxx − βμxy

Gx

G y
= − ikμxy − βμxx

ikμxx + βμxy
. (13)

Figure 1. Dispersion relations for a ferromagnetic film immersed in
the dielectric background (A) and the LHM background (B). Here
ω0 = 2.0 GHz, ωm = 1.0 GHz, μ = 1.75 and dω0/c = 0.3. The
different regions in the k–ω plane are marked. I (a, b, c, d)
correspond to real α and real β; II (a, b, c, d) to real α and imaginary
β; III to imaginary α and real β; IV to imaginary α and imaginary β.
The dashed–dotted lines b1 and b2 denote the dispersion curves of
bulk magnon polaritons in the ferromagnetic system. The dotted
lines c2, c3, a and c1 correspond to ω = 4.0 GHz, ω = 6.0 GHz,
k = √

ε(ω)μ(ω)ω/c and ων = √
ω0(ω0 + ωm), respectively. Solid

lines represent the modes obtained by equation (14).
ε(ω) = μ(ω) = 1 is taken in the dielectric background.

Applying the boundary conditions of continuity for the
tangential component of magnetic field and magnetization, we
can obtain the following equation:[

α2μ2
v + μ2(ω)

(
k2

μ2
xy

μ2
xx

+ β2

)]

× tanh(βd) + 2αβμvμ(ω) = 0. (14)

The retarded modes can be obtained by solving equation (14).
They depend on α and β through equations (10) and (11),
respectively. According to the values of α and β , in general
one can distinguish the following four situations [9–14]:

(i) α and β are both real. The wave is localized at
the interfaces, where the amplitude of the wave varies
exponentially when one moves from any interface into the
magnetic or LHM layer.

(ii) α is real and β is imaginary. The wave is exponentially
localized at surfaces in the LHM films and is oscillatory
(extended) in the magnetic layers.

(iii) α is imaginary and β is real. The wave is exponentially
localized in the magnetic film and extended in the LHM
layers.

(iv) α and β are both imaginary. The corresponding wave is
extended in both magnetic and LHMs.

The k–ω plane can be divided into different regions
corresponding to the above four situations. These regions are
cut apart by some curves, which are shown in figure 1(B).
The dashed–dotted lines b1 and b2 denote the dispersion
curves of bulk magnon polaritons in the ferromagnetic system
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(Voigt configuration), which correspond to k2 = ω2

c2 μν . The
dotted line c1 is defined as ων = √

ω0(ω0 + ωm). The dotted
curve a represents k = √

ε(ω)μ(ω)ω/c, which is similar to
the photon line in the air. Here ω0 = 2.0 GHz, ωm = 1.0 GHz,
μ = 1.75 and dω0/c = 0.3 are taken in the ferromagnetic
slab [12–15]. We take ωp = 10 GHz, ωl0 = 4.0 GHz and
F = 0.56 in the LHMs. The material is left-handed (negative
n) between ω = 4.0 and 6.0 GHz [22, 17]. Here the dotted
lines c2 and c3 correspond to ω = 4.0 GHz and 6.0 GHz,
respectively.

Solid lines in figure 1(B) represent the solutions of
equation (14). Here the discussion is focused on the negative
n region. Two modes are found in the Ia region, which result
from the interaction between the surfaces waves of separate
magnetic layers. Similarly, two modes are obtained in the
IIa region, which represent the guided magnetic polaritons
of the ferromagnetic slab. All modes converge to k =√

ε(ω)μ(ω)ω/c. For cases (iii) and (iv) (imaginary α), the
solutions of equation (14) represent extended modes in the
LHMs or whole systems. Due to the semi-infinite stack of the
LHMs for the present system, the separate modes do not exist
in (iii) and (iv) situations.

In order to compare the present results with the previous
investigations on the retarded modes of the ferromagnetic slab
in the dielectric background, in figure 1(A) we display the cal-
culated results from equation (14) when ε(ω) = μ(ω) = 1.
Here the dashed–dotted lines and dotted lines represent a sim-
ilar meaning to those in figure 1(B). Solid lines also repre-
sent the resolutions of equation (14) for ε(ω) = μ(ω) = 1.
Our results agree with those in [12, 13]. Comparing the results
in figure 1(A) with those in figure 1(B), we find that the re-
gions in the k–ω plane not only change, both the number and
the changing trend of the retarded modes are also different be-
tween them.

These differences originate from the different surface
polaritons in the ferromagnetic–LHM structure. In the
previous investigations, new surface polaritons have been
found around the LHM slab, cylinder and sphere in comparison
with the corresponding dielectric systems [22]. The present
results show that the different surface polaritons also exist in
the ferromagnetic–LHM structure in comparison with those
of conventional ferromagnetic–dielectric structures. Such a
feature can be seen more clearly in the long-wavelength
limit (magnetostatic approximation). Taking the magnetostatic
approximation (ω

c → 0) for equation (14), we can obtain the
equation of magnetostatic modes as

ω2 = ω2
0 + ω0ωm + ω0ωm[μ2 − μ2(ω)] + μ2ω2

m

μ2(ω) − 2μ(ω) coth(q‖L) + μ
. (15)

If μ(ω) is taken as 1.0, equation (15) is reduced to known
results of magnetostatic modes for a ferromagnetic slab in
the dielectric background, which had been analyzed in [3, 8].
Figures 2(a) and (b) present the comparison between two kinds
of case. It is shown that only one mode (figure 2(a)) can be
found for the conventional ferromagnetic–dielectric structure
and two modes appear for the ferromagnetic–LHM system.
The above discussions only focus on one kind of thickness of

Figure 2. The frequency magnetostatic modes as a function of q‖d .
(a) Ferromagnetic slab immersed in the dielectric background;
(b) ferromagnetic slab immersed in the LHM background. Here
qZ = 0, ω0 = 1.0 and ωm = 6.0.

the ferromagnetic slab. In fact, if we take various thicknesses
of the slab, similar phenomena can be obtained. Such features
can also be found in the ferromagnetic–LHM superlattices.

3. Magnetic excitations in ferromagnetic–LHM
superlattices

Now let us consider a ferromagnetic superlattice composed of
alternating ferromagnetic films of thickness d1 and LHM films
of thickness d2. In each magnetic film the magnetization MS

(and applied magnetic field) is parallel to the film surface and
parallel to the z direction. The layers are supposed to have
infinite extent in the z and y directions. One may write the
fields in the form H ∼ exp[i(ky y + kzz)], where ky and kz are
the components of the two-dimensional wavevector k‖. Here
we consider only the case of kz = 0 and write ky simply as
k. Thus, the magnetic field in the ferromagnetic layer can be
written as

�H(�r; t) = �H (x, k; ω) ei(ky−ωt), nL < x < nL + d1.

(16)
We only consider the case when the magnetic field of the wave
is perpendicular to the axis of spontaneous magnetization. So,
one may assume Hz(y, k; ω) = 0. The remaining components
of the amplitude H (x, k; ω) can be written as

Hi(x, k; ω) = B+
i (n) eβx′ + B−

i (n) e−βx′ ; i = x, y
(17)

for 0 < x ′ = x − (n − 1)L < d1. The coefficients B+
x(y)(n)

and B−
x(y)(n) are determined by ∇ · (�h + �m) = 0. They satisfy

the following relations:

Bσ
x (n)

Bσ
y (n)

= i
(ω2/c2)μx(ω) − σkβ

k2 − (ω2/c2)μ⊥(ω)
; σ = +,−, (18)

where σ on the right-hand side is understood as σ f = f for
σ = + and σ f = − f for σ = −. In contrast, the magnetic
field in the LHM films can be written as

�H(x, k; ω) = A+(n) eαx′ + A−(n) e−αx′
(19)
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for d1 < x ′ = x − (n − 1)L < L. The coefficients Aσ
x (n) and

Aσ
y (n)(σ = +,−) satisfy the following relationship:

Aσ
x (n) = −i

σk

α
Aσ

y (n). (20)

Applying the boundary continuity conditions for the tangential
component of �H and the normal component of �H + �Ms, the
following relations can be obtained:(

A+
y (n)

A−
y (n)

)
= �R

(
B+

y (n)

B−
y (n)

)
(21)

and (
B+

y (n + 1)

B−
y (n + 1)

)
= �S

(
A+

y (n)

A−
y (n)

)
, (22)

where the elements of the 2 × 2 matrices �R and �S are given by
the expressions

R11(22) = 1

2

[
1 + α

μ(ω)

βμ⊥ ∓ kμx

k2 − ω2

c2 μ⊥

]
e±(β−α)d1 , (23)

R12(21) = 1

2

[
1 − α

μ(ω)

βμ⊥ ± kμx

k2 − ω2

c2 μ⊥

]
e∓(β−α)d1 , (24)

S11(22) = αβμ⊥ ± αkμx + (k2 − ω2

c2 μ⊥)μ(ω)

2αβμ⊥
e±αL , (25)

S12(21) = αβμ⊥ ± αkμx − (k2 − ω2

c2 μ⊥)μ(ω)

2αβμ⊥
e∓αL (26)

in which the upper sign refers to the indices in the parentheses.
Equations (21) and (22) combine to give(

B+
y (n + 1)

B−
y (n + 1)

)
= �T

(
B+

y (n)

B−
y (n)

)
, (27)

where �T = �S �R, which has the property det �T = 1. Applying
Bloch’s theorem, we can also obtain(

B+
y (n + 1)

B−
y (n + 1)

)
= eiqz L

(
B+

y (n)

B−
y (n)

)
, (28)

where qz is the component of the wavevector, −π/L <

qz � π/L. From equations (27) and (28), we can obtain the
following equation:

cos(qz L) = cosh(βd1) cosh(αd2) +
[
μ(ω)(k2 − ω2

c2 μ⊥)

2αβμ⊥

+ α

2βμ(ω)
μν(ω)

]
sinh(βd1) sinh(αd2). (29)

This is just the general dispersion equation for a wave
propagating perpendicularly to the magnetization in the
superlattice consisting of alternating ferromagnetic films and
LHMs. If ε = 1 and μ = 1 are taken, equation (29)
gives the results of a conventional ferromagnetic–dielectric
superlattice [14]. From equation (29), the dispersion curves
for two kinds of case can be easily obtained by numerical
calculations.

The calculated results (solid lines) of the dispersion
relation for two kinds of case are plotted in figures 3(A)
and (B), respectively. The dotted lines and dashed–dotted

Figure 3. Dispersion relations for a ferromagnetic superlattice.
(A) corresponds to the superlattice composed of alternating
ferromagnetic films of thickness d1 and dielectric films of thickness
d2; (B) corresponds to that composed of alternating ferromagnetic
films of thickness d1 and LHM films of thickness d2. Here
ω0 = 2.0 GHz, ωm = 1.0 GHz, μ = 1.75 and dω0/c = 0.3
(d1 = d2 = d). The different regions in the k–ω plane are marked.
I (a, b, c, d) correspond to real α and real β; II (a, b, c, d) to real α
and imaginary β; III to imaginary α and real β; IV to imaginary α
and imaginary β. The dashed–dotted lines b1 and b2 denote the
dispersion curves of bulk magnon polaritons in the ferromagnetic
system. The dotted lines c2, c3, a and c1 correspond to
ω = 4.0 GHz, ω = 6.0 GHz, k = √

ε(ω)μ(ω)ω/c and
ων = √

ω0(ω0 + ωm), respectively. Solid lines represent the modes
obtained by equation (15). ε(ω) = μ(ω) = 1 is taken in the
dielectric background.

lines are identical with those in figures 1(A) and (B). For the
ferromagnetic–dielectric superlattice, our results in figure 3(A)
are also in agreement with the previous investigations in [14].
Comparing them with those in figure 3(B), we find that
dramatic differences appear. Some differences in the IIa and
Ia regions between figures 3(A) and (B) are similar to those
between figures 1(A) and (B) for the single ferromagnetic slab.
The unique part for the case of the superlattice in comparison
with that of a single ferromagnetic slab can exhibit in the
III region (imaginary α and real β). In the III region, no
solution can be found for the case of a single ferromagnetic
slab, which has been analyzed in section 2. In contrast, there
are many solutions in this region for the ferromagnetic–LHM
superlattice. This means that many guide modes can exist
in the LHM layer of the ferromagnetic–LHM superlattice.
This is also in obvious contrast to the ferromagnetic–dielectric
superlattice, where only one mode is found in the III region
of figure 3(A). Such a difference is also due to the unusual
excitation properties in the LHMs or on the interface of the
ferromagnetic–LHM structure.

In the magnetostatic approximation (ω
c → 0), the

magnetostatic equation for the superlattice can also be obtained
similar to the case of a single ferromagnetic slab:

ω2

= 2μ(ω) · μ · ω0(ω0 + ωm) + � · [μ(ω)2ω2
0 + (ω0 + ωm)2]

2μ(ω) · μ + � · [μ2 + μ(ω)2] ,

(30)
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Figure 4. The frequency of magnetostatic modes as a function of
qZ L . (a) Ferromagnetic superlattice composed of alternating
ferromagnetic films of thickness d1 and dielectric films of thickness
d2; (b) ferromagnetic superlattice composed of alternating
ferromagnetic films of thickness d1 and LHM films of thickness d2.
Here d1 = d2 = d and q‖d = 0.2. The other parameters are identical
with those in figure 3.

where

�(q‖, qz) = sinh(q‖d1) sinh(q‖d2)

cosh(q‖d1) cosh(q‖d2) − cos(qz L)
. (31)

This is also identical with the previous results in [4–8] when
μ(ω) = 1 is taken for equation (30). If μ(ω) and ε(ω) are
given by equation (6), new magnetostatic modes can appear.
Figure 4 shows such a character. Figure 4(b) corresponds to
the superlattice with the ferromagnetic and LHM materials,
while (a) corresponds to that with the ferromagnetic and
dielectric materials. Two curves in figure 4(b) and one curve in
figure 4(a) are observed again, which is similar to the case of a
single ferromagnetic slab in section 2.

4. Summary

We have calculated the magnetic excitations in the ferromag-
netic film embedded in the LHMs and in the superlattices
composed of alternating layers of ferromagnetic materials and
the LHMs. The dispersion relations in these systems are
solved exactly. New surface polaritons are not only found in
the present system in comparison with those of conventional
ferromagnetic–dielectric structures, the changing trends of the
modes as a function of wavevector are also demonstrated to be
different between them. These differences are not only for the
retarded modes, they are also for the magnetostatic modes in
the long-wavelength limit. From previous investigations, we
know that the interaction between the excitation modes can be
exploited for devices such as microwave spectrum analyzers,
optical frequency shifters, tunable optical filters and optical
beam deflectors [2]. With the findings of these new excitation

modes, we anticipate that the functions of these devices can
be improved by using the ferromagnetic–LHM system instead
of the conventional ferromagnetic–dielectric structure. That is
to say, our present results can provide important references in
designing microwave and optical signal devices.
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